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We propose a new tomographic estimator for the gravitational lensing potential, based on a
combination of intensity mapping (IM) and galaxy number counts. The estimator can be written
schematically as IM×galaxy − galaxy×IM; this combination allows to greatly reduce the contami-
nation by density-density correlations, thus isolating the lensing signal. As a pure cross-correlation
estimator, it is additionally less susceptible to systematic effects. We show that the new estimator
strongly suppresses cosmic variance and consequently improves the signal-to-noise ratio (SNR) for
the detection of lensing, especially on linear scales and intermediate redshifts. For cosmic variance
dominated surveys the SNR of our estimator is a factor 30 larger than the SNR obtained from the
correlation of galaxy number counts only. Shot noise and interferometer noise reduce the SNR. For
the specific example of DES cross-correlated with HIRAX, the SNR is around 4, whereas for Euclid
cross-correlated with HIRAX it reaches 52. This corresponds to an improvement of a factor 4-5
compared to the SNR from DES alone. For Euclid cross-correlated with HIRAX the improvement
with respect to Euclid alone strongly depends on the redshift. We find that the improvement is par-
ticularly important for redshifts below 1.6, where it reaches 5. This makes our estimator especially
valuable to test dark energy and modified gravity, that are expected to leave an impact at low and
intermediate redshifts.
Introduction. Gravitational lensing is a powerful probe
of the matter distribution in our Universe. It de-
scribes the deflection of light rays by metric perturbations
along the photon trajectory from their distant sources.
Weak gravitational lensing refers to the regime where
the deflections are small enough to not induce caustics.
The most common approach to observe weak lensing is
through the distortion of the observed shape of galax-
ies, which generates correlations between their elliptic-
ity. This effect, referred to as cosmic shear, has been de-
tected for the first time in the early 2000s [1, 2], and has
been subsequently measured in various surveys providing
tests of the consistency of the ΛCDM model [3, 4]. But
weak lensing also modifies the observed number of dis-
tant galaxies, via the effect of magnification bias: weak
lensing modifies on one hand the observed size of the
solid angle in which we count how many galaxies we de-
tect, consequently diluting the number of galaxies per
unit of solid angle. On the other hand, weak lensing
modifies the observed luminosity of galaxies, enhancing
consequently the number of galaxies that are above the
magnitude threshold of a given survey. These two effects
combine to distort the number counts of galaxies.
One challenge in measuring cosmic shear comes from
the fact that it requires precise images of galaxies. Mag-
nification bias has the advantage of not relying on pre-
cise imaging, since the effect is measured from the galaxy
number counts. However, it is affected by intrinsic fluc-
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tuations in the number counts of galaxies, which gener-
ically strongly dominate over magnification bias. This
can be overcome by correlating galaxies at widely sep-
arated redshifts. In this case, density fluctuations be-
come uncorrelated, and the only correlated signal comes
from lensing. Magnification bias has been robustly mea-
sured using this technique: for example [5] has measured
the cross-correlation of quasars at redshift 1 < z < 2.2,
with foreground galaxies at mean redshift 0.3 in SDSS;
whereas [6] has used the cross-correlation of background
galaxies at redshift 0.7 < z < 1 with foreground galaxies
at 0.2 < z < 0.4 in the Dark Energy Survey (DES).
A new approach to map the large-scale structure of the
Universe up to high redshifts is intensity mapping with
radio telescopes or interferometers. These surveys will
observe the intensity fluctuations of some emission line,
typically the 21 cm line emitted by neutral hydrogen that
is expected to trace the fluctuations in the galaxy distri-
bution [7]. Various existing or planned post-reionisation
radio surveys, like BINGO, HIRAX, CHIME, MeerK-
LASS and the SKA [8–12] will detect these fluctuations
and measure the power spectrum of the 21 cm radiation.
In this letter we propose a novel method to measure
gravitational lensing with magnification bias, by corre-
lating the fluctuations in 21 cm intensity mapping (or in-
tensity mapping of other lines) with the galaxy number
counts, in such a way as to isolate gravitational lens-
ing. The main idea is that gravitational lensing affects
the galaxy number counts, but has no impact on inten-
sity mapping – at least at linear order in perturbation
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2theory1. As a consequence, the following schematic esti-
mator isolates the gravitational lensing contribution
IM(zf )× galaxy(zb)− galaxy(zf )× IM(zb) , (1)
where zb refers to the background redshift, and zf < zb
is the foreground redshift. In the first term of Eq. (1),
galaxies in the background are lensed by the presence
of foreground matter perturbations, that are responsi-
ble for the 21 cm signal. In the second term, however,
the 21 cm intensity in the background is not lensed. By
subtracting the two terms, we cancel the density-density
correlations that affect both terms in the same way (up
to bias differences), while keeping the gravitational lens-
ing contribution. This method, therefore, provides a way
to isolate gravitational lensing, without restricting our-
selves to wide redshifts separations. In the next section,
we elaborate on this idea, and we show how our estimator
increases the signal-to-noise of gravitational lensing by a
factor of∼ 30 for cosmic variance dominated surveys, and
a factor of 4-5 for specific examples like DES×HIRAX
and Euclid×HIRAX.
Estimator. The galaxy number counts in direction n
and redshift z are given by
∆g(n, z) = bg(z) δ(n, z) + (2− 5s(z)) φ(n, z) , (2)
where bg is the galaxy bias, s is the slope of the luminosity
function and δ denotes the matter density fluctuations.
The second contribution is the so-called magnification
bias contribution, proportional to the lensing potential
φ(n, z) = −
∫ r
0
dr′
r − r′
rr′
∆Ω(Φ + Ψ) , (3)
with r the conformal distance to the source, Φ and Ψ the
two metric potentials, and ∆Ω the angular part of the
Laplacian.
Intensity mapping is generically expressed in terms of
the brightness temperature, whose fluctuations are a bi-
ased tracer of matter density
∆HI(n, z) = bHI(z) δ(n, z) , (4)
where bHI is the bias of neutral hydrogen. We neglect
in Eq. (2) and (4) the contribution from redshift space
distortions since we will average our estimator over thick
redshift bins. We also neglect the contribution from rel-
ativistic effects [13, 15–18] which are subdominant in the
regime we are interested in.
1 Due to the conservation of surface brightness, the number of pho-
tons that are lensed into our solid angle of observation by gravi-
tational lensing is exactly compensated by the apparent increase
of this solid angle [13]. Of course, this is not the case anymore
at second-order in perturbation theory, where fluctuations in the
21 cm intensity are themselves lensed [14].
We can expand the number counts and the brightness
temperature fluctuations in spherical harmonics
∆X(n, z) =
∑
`m
aX`m(z) Y`m(n) , (5)
with X = g,HI. We now define our estimator which
cross-correlates galaxies and 21 cm intensity mapping:
Eˆ×` ≡ CˆHIg` (zf , zb)− CˆgHI` (zf , zb) (6)
=
1
2`+ 1
∑`
m=−`
[
a∗HI`m (zf )a
g
`m(zb)− a∗g`m(zf )aHI`m(zb)
]
.
Here Cˆ` is a general estimator for the angular power spec-
trum, and the second equality holds for the standard full-
sky estimator. The expectation value of Eˆ×` is
E×` ≡ 〈Eˆ×` 〉 =
1
2
bHI(zf )(2− 5s(zb))Cδφ` (zf , zb) (7)
− 1
2
bHI(zb)(2− 5s(zf ))Cφδ` (zf , zb)
+
[
bHI(zf )bg(zb)− bg(zf )bHI(zb)
]
Cδδ` (zf , zb) .
The first line is the contribution we want to measure:
it represents the lensing potential of background galaxies
generated by a foreground density at zf . The second line,
which contains the correlation between the lensing poten-
tial in the foreground and the density in the background,
is negligible. The last line is a residual contamination
from density fluctuations. If the two biases would have
the same redshift dependence, this term would exactly
vanish, allowing us to perfectly isolate gravitational lens-
ing. In practice however the two biases evolve differently,
and a small density contribution remains.
We compare our estimator with the standard estimator
used to measure magnification bias Eˆst` = Cˆ
gg
` (zf , zb),
whose expectation value is
Est` ≡〈Eˆst` 〉 =
1
2
bg(zf )(2− 5s(zb))Cδφ` (zf , zb) (8)
+
1
2
bg(zb)(2− 5s(zf ))Cφδ` (zf , zb)
+
1
4
(2− 5s(zf ))(2− 5s(zb))Cφφ` (zf , zb)
+ bg(zf )bg(zb)C
δδ
` (zf , zb) .
The first and third line correspond to the lensing signal
that we want to measure. The third line is due to the
fact that both the background and foreground galaxies
are lensed by the same structures in front of the fore-
ground galaxies. This contribution is absent in Eˆ×` be-
cause 21 cm is not lensed. As before, the second line is
negligible. Finally the last line represents the contam-
ination from density fluctuations. The standard way of
minimising this contamination consists of choosing zb and
zf sufficiently far away to make it negligible.
Contamination and signal-to-noise ratio. Let us now
study two questions: does our estimator reduce the con-
3tamination from density fluctuations? And does our esti-
mator improve the SNR of lensing? The standard estima-
tor is indeed constructed to minimise the density contam-
ination in the signal, but this contamination reappears
in the variance, where it dominates. We will see that
our estimator has the advantage of strongly reducing the
density contribution also in the variance, consequently
increasing the SNR.
We split the signal into a lensing contribution, that we
want to measure, and the contamination from density:
E×` = E
×len
` +E
×c
` and E
st
` = E
st len
` +E
st c
` . The lensing
contribution corresponds to the terms in Eqs. (7) and (8)
that involve the lensing potential φ, while the contamina-
tion are the terms proportional to Cδδ` . To give a quan-
titative example of how the contamination is reduced for
Eˆ×` , we specifically use the bias and slope s of the optical
survey DES2, and of HIRAX3. For the cosmological pa-
rameters, we use throughout the paper the values from
Planck [23]. For redshift pairs separated by ∆z = 0.25,
we find typically that the contamination is about 1% for
Eˆ×` , whereas it is 30-40% for Eˆ
st
` . A figure can be found
in the supplemental material. The estimator Eˆ×` allows
us therefore to extract lensing from closer pairs than Eˆst` .
This is due to the fact that in Eˆ×` , the contamination is
doubly suppressed: first by the fact that the density cor-
relation quickly decreases with redshift separation, and
second by the bias difference. The second suppression is
especially effective at small redshift separation, when the
bias has not evolved much between zf and zb.
We give the full expression of the covariance due to cos-
mic variance in the supplemental material. Here we dis-
cuss the diagonal part of the covariance, given by z′f = zf
and z′b = zb, corresponding to the variance for the red-
shift pair (zf , zb). It is dominated by the density contri-
bution taken at the same redshift. Neglecting the lensing
contribution, which is sub-dominant in those terms, we
obtain for the standard estimator
var
[
Eˆst` (zf , zb)
] ' b2g(zf )b2g(zb)
(2`+ 1)fsky
Cδδ` (zf )C
δδ
` (zb) , (9)
and for our new estimator
var
[
Eˆ×` (zf , zb)
] ' 1
(2`+ 1)fsky
(10)
× [bHI(zf )bg(zb)− bg(zf )bHI(zb)]2Cδδ` (zf )Cδδ` (zb) .
This confirms that Eˆ×` has the advantage of suppress-
ing the density contribution not only in the mean of the
estimator, but also in its variance, thanks to the bias
difference which appears in Eq. (10).
2 https://www.darkenergysurvey.org/. For the bias we used [19];
for s we followed [20], who used the fitting formula derived in [21]
for the Euclid photometric survey [22].
3 https://gitlab.com/radio-fisher/bao21cm/tree/master/radiofisher
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FIG. 1. Top panel : |SNR| per ` mode for DES×HIRAX with
cosmic variance only, for the redshift pair zf = 0.8 and zb =
1.3. Bottom panel : Same as the top panel but including shot-
noise and thermal noise using the three cases discussed in the
text.
In Fig. 1 (top panel) we plot the SNR per multipole ` of
Eˆst` and Eˆ
×
` for zf = 0.8 and zb = 1.3, for DES×HIRAX.
We assume a sky coverage of 5000 deg2 for both esti-
mators, since HIRAX will overlap with DES. For this
case, the contamination is less than 0.01% in both esti-
mators, so that the signal is simply given by the lensing
term. The cumulative SNR, for this redshift pair, from
`min = pi/θsky = 5 to `max = 1000 is 2.4 for Eˆ
st
` and 54
for Eˆ×` . If we reduce `max to 200, to exclude non-linear
scales, the cumulative SNR is 0.6 for Eˆst` and 12 for Eˆ
×
` .
Our estimator therefore improves the detection of grav-
itation lensing by a factor of ∼ 20 with respect to the
conventional method.
The SNR calculated above corresponds to a survey
which is cosmic variance limited over the whole range
of multipoles. In reality, two additional sources of er-
rors contribute to the variance. First, galaxies are dis-
crete objects, which generate a shot noise contribution to
the variance. Shot noise affects both the galaxy number
counts and 21 cm intensity mapping. However, for the
latter it has been shown that shot noise is always negli-
gible with respect to the interferometer noise [24]. As a
consequence we simply replace in the expression for the
covariance Cgg` (z, z
′) → Cgg` (z, z′) + δz,z′/n¯(z) , where n¯
4denotes the mean number of galaxies per redshift bin and
per steradian.
For interferometer noise, we concentrate on the Hydro-
gen Intensity mapping and Real time Analysis eXperi-
ment (HIRAX) which will measure the neutral hydrogen
distribution in the redshift range of z ∼ 0.8 to 2.5 cover-
ing 15000 square degrees of the southern sky [9]. In the
literature we can find several expressions for the noise:
two widely used prescriptions are [25] and [26, 27]. We
discuss them in some detail in the supplemental material.
We find that for the specific case of HIRAX the two ex-
pressions differ by four orders of magnitude, which has a
significant impact on the forecasts. The main difference
is that [25] assumes that each field of view is observed
sequentially, whereas [26, 27] assume that the whole sky
is observed at once. In our forecasts, we show results
for both scenarios, the first one labelled as “pessimistic”
and the second one as “optimistic”. Finally, preliminary
simulations of the HIRAX interferometer noise based on
[28, 29] find a noise curve which is about a factor 10 bet-
ter than the pessimistic scenario. We also include results
for this case, that we label as “realistic”.
In Fig. 1 (bottom panel), we plot the SNR for Eˆ×`
and Eˆst` including shot noise and interferometer noise,
for the three cases discussed above. We use the galaxy
number density from DES [19]. We see that shot noise
and interferometer noise significantly reduce the SNR of
Eˆ×` at large `. Since cosmic variance is larger for Eˆ
st
` ,
the impact of shot noise is less relevant for this estimator.
The two vertical lines in Fig. 1 correspond respectively to
`min = pi/θsky = 5 and `min = pi/θFOV = 99. The latter
applies in the case where the calibration of each field of
view (FOV) is not known, such that only modes smaller
than the FOV of the interferometer can be observed. The
cumulative SNR up to `max = 1000 is 3.9 for Eˆ
×
` and 2.0
for Eˆst` . For `max = 200 we find 2.4 for Eˆ
×
` and 0.6 for
Eˆst` . This improvement by a factor of 4 allows a marginal
detection of lensing with Eˆ×` from a single redshift pair,
for which Eˆst` cannot detect anything. This is particularly
useful to follow the redshift evolution of dark energy or
modified gravity.
Forecasts on the lensing amplitude AL. As an applica-
tion of our novel estimator, we now forecast the precision
with which we will be able to measure the amplitude of
the lensing potential φ. For this we replace φ → AL · φ
in Eq. (3) and we forecast the error on AL, with fiducial
value AL = 1. We fix all cosmological and astrophysical
parameters to their fiducial value, and we compute the
Fisher element for AL
F×AL =
∑
zf ,zb,z′fz
′
b
`max∑
`=`min
∂E×`
∂AL
(zf , zb) (11)
× Cov−1[Eˆ×` (zf , zb)Eˆ×` (z′f , z′b)]∂E×`∂AL (z′f , z′b) ,
and similarly for Est` . We use Gaussian redshift bins
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FIG. 2. Forecasted uncertainty on the lensing amplitude AL
for DES×HIRAX (top panel) and Euclid×HIRAX (bottom
panel) as a function of zmax for the three cases of thermal
noise discussed in the text. Solid lines correspond to `min = 5,
and dashed lines to `min = pi/θFOV ∼ 50− 100 depending on
redshift.
of width σz = 0.05, spaced by ∆z = 0.1, and we sum
over all possible pairs of redshifts accessible in the sur-
vey, with the condition that the contamination for each
pair is below 1%. This means that in both cases, we
exclude pairs with redshift difference smaller than 0.3.
For Eˆ×` we could consider pairs down to a difference of
0.25 but that would require finer redshift bins than the
current analysis. This negligible amount of contamina-
tion ensures that we measure AL in a model-independent
way, i.e. without having to model the evolution of density
fluctuations.
We compute the Fisher matrix for both estimators
for two combinations of surveys: DES×HIRAX, and
Euclid (photometric)×HIRAX. For the second case, we
use fsky = 2/3 fsky Euclid (where fsky Euclid ' 0.36) for
Eˆ×` since HIRAX will not completely overlap with Eu-
clid. We focus on the common redshift range, which
is z ∈ [0.8, 1.3] for DES×HIRAX and z ∈ [0.8, 2.5] for
Euclid×HIRAX. For the standard estimator we also use
this range as a point of comparison. Our goal is indeed
to understand how Eˆ×` improves over Eˆ
st
` over the com-
mon range. An ideal analysis would then combine Eˆ×`
5over the common range, with Eˆst` over the rest of the op-
tical range. We restrict the `-range to `max = 200, where
linear perturbation theory is valid.
In Fig. 2 we show the precision on the measurement
of AL, σAL = 1/
√FAL , as a function of the maxi-
mum redshift included in Eq. (11), for DES×HIRAX (top
panel) and Euclid×HIRAX (bottom panel). For the case
`min = 5, we see that our estimator allows to measure
the lensing amplitude with a precision of 0.3 (using the
realistic noise curve). This corresponds to an improve-
ment of a factor 4.7 compared to the standard estimator
in that same redshift range. If we use `min = pi/θFOV,
the improvement is slightly smaller, but still interesting:
3.7 in the realistic case. This clearly shows that, over
the common redshift range, our estimator is an optimal
tool to measure gravitational lensing. To reach a simi-
lar improvement using a single survey we would need to
increase the sky coverage by a factor 14 in that redshift
range.
Using Euclid×HIRAX, we reach σAL = 0.05 for zmax =
1.6 and σAL = 0.02 if we include pairs up to zmax = 2.5
(realistic case, and `min = 5). Comparing with the stan-
dard estimator, in the same redshift range, we find an
improvement of a factor 3.6 at zmax = 1.6, whereas at
zmax = 2.5 the standard estimator is slightly better. This
is due to the fact that at high redshift, the signal becomes
larger for Eˆst` than for Eˆ
×
` , due to the lensing-lensing
contribution, Cφφ` , which strongly increases with redshift
and which is present in Eˆst` but not in Eˆ
×
` . Our estima-
tor is therefore mainly valuable at intermediate redshift,
where it allows a clean and better measurement of Cδφ` on
its own. Moreover, combining the two estimators would
provide separate measurements of Cδφ` and C
φφ
` . This is
particularly useful to measure the evolution of the lens-
ing potential, and study the impact of dark energy and
modified gravity as a function of redshift.
Conclusion. We have constructed a new estimator to
measure weak gravitational lensing, using the correlation
of galaxy clustering and 21 cm intensity mapping. Our
estimator improves over standard magnification bias es-
timators from galaxy clustering in several ways. First,
it allows us to significantly reduce the contamination
from density correlations, when the foreground and back-
ground redshifts are close. Second, the cosmic variance
of our new estimator is significantly reduced with respect
to the standard estimator. For cosmic variance limited
surveys the new estimator improves the SNR by a factor
of 30, compared to the standard estimator. Shot noise
and interferometer noise reduce this improvement, but it
still reaches a factor 4-5 at intermediate redshift. Finally,
as our estimator involves only cross-correlations, we ex-
pect it to exhibit an improved resistance to systematic
effects from galaxy surveys, which should be uncorre-
lated with intensity mapping fluctuations. Note that it
is possible to extend the estimator to remove the density
contribution completely, a further development that we
will discuss in a future publication. This letter already
shows that the fundamental idea of combining intensity
mapping and galaxy surveys to isolate lensing holds con-
siderable promise for upcoming surveys.
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Appendix A: Covariances
Here we give the full covariances from cosmic variance
for the two estimators. For the standard estimator, Est` ,
it reads
cov
[
Eˆst` (zf , zb)Eˆ
st
` (z
′
f , z
′
b)
]
=
1
(2`+ 1)fsky
(A1)
×
[
Cgg` (zf , z
′
f )C
gg
` (zb, z
′
b) + C
gg
` (zf , z
′
b)C
gg
` (z
′
f , zb)
]
.
For our cross-estimator, E×` , we obtain
cov
[
Eˆ×` (zf , zb)Eˆ
×
` (z
′
f , z
′
b)
]
=
1
(2`+ 1)fsky
(A2)
×
[
CHIHI` (zf , z
′
f )C
gg
` (zb, z
′
b) + C
gg
` (zf , z
′
f )C
HIHI
` (zb, z
′
b)
− CHIg` (zf , z′f )CgHI` (zb, z′b)− CgHI` (zf , z′f )CHIg` (zb, z′b)
+ CgHI` (zb, z
′
f )C
HIg
` (zf , z
′
b) + C
HIg
` (zb, z
′
f )C
gHI
` (zf , z
′
b)
− Cgg` (zb, z′f )CHIHI` (zf , z′b)− CHIHI` (zb, z′f )Cgg` (zf , z′b)
]
.
Appendix B: Contamination
In Fig. 3, we show a plot of the ratio of contamination
for the case DES×HIRAX and for the specific redshift
pair zf = 1 and zb = 1.25.
Appendix C: Interferometer noise
Reference [25] gives the noise spectrum as
C interf` (z) =
T 2sys Sarea λ(z)
4
npol ttot ∆ν NbeamA2eff θ
2
b n(u = `/2pi)
,
(C1)
where Tsys = Tantenna + Tsky is the addition of antenna
and sky temperature, Sarea = 4pifsky is the observed area
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FIG. 3. Ratio of contamination (the contribution from
density-density correlations) to the full estimator for E×` and
Est` for DES×HIRAX and for zf = 1 and zb = 1.25.
of the sky, λ(z) is the observed wavelength of 21cm line
at redshift z, npol is the number of polarizations, ttot
is the total observation time, ∆ν is the frequency bin
corresponding to the redshift bin width, Nbeam is the
beam number, Aeff = 0.7piD
2
dish/4 is the effective area of
each dish and the factor 0.7 is the efficiency of the dish,
θb = Ddish/λ is the beam of the telescope, and n(u) is
the number density of baselines in the uv plane. Expres-
sion (C1) assumes that each field of view (FOV) of the
interferometer is observed sequentially. If on the other
hand one assumes that the whole sky area is observed
at once (instantaneous FOV), we obtain the expression
presented in [26, 27]
C interf` =
(2pi)3 T 2sys
∆ν ttot f2cover `max(ν)
2
, (C2)
where `max = 2piDtel/λ(z) and Dtel is the diameter of
the telescope array, fcover = NdishAeff/(piD
2
tel/4) is the
effective collecting area of the telescope. For HIRAX the
difference between the two noise curves is of the order of
104.
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